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Abstract
We write an action, in four dimensional N = 1 curved superspace, which
contains a pure R4 term with a coupling constant. Starting from the off-
shell solution of the Bianchi identities, we compute the on-shell torsions and
curvatures with this term. We show that their complete solution includes,
for some of them, an infinite series in the R4 coupling constant, which can
only be computed iteratively. We explicitly compute the superspace tor-
sions and curvatures up to second order in this coupling constant. Finally,
we comment on the lifting of this result to higher dimensions.
1 Introduction
The supersymmetrization of higher-derivative terms has been object of research for
a long time. Green and Schwarz proved that, in order to eliminate anomalies from
type I supergravity coupled to super Yang-Mills theories, one needs the Green-Schwarz
mechanism [1, 2], by which the supergravity two-form field strength is modified with
the subtraction of the Lorentz Chern-Simons term. This mechanism violates local
supersymmetry and originates an action with a R2 term.
In order to cancel the anomalies, it is also necessary to introduce bosonic higher-
derivative counterterms (which include, for instance, R4 terms to cancel gravitational
anomalies). These counterterms have been shown to originate naturally in string theory
[2]. They should then be part of the string theory low energy effective action, but they
have to be introduced by hand on the supergravity action. Obviously they also break
supersymmetry.
Purely “stringy” R4 terms also show up in the low energy field theory effective ac-
tion of both type II and heterotic string theories, as was shown in [3, 4] by computing
four graviton scattering amplitudes and in [5] by calculating loop corrections to super-
symmetric sigma models (the requirement that their β function vanishes determines
the equations of motion of bosonic background fields, from which one determines the
effective action).
The presence of those terms in M-theory has also been proven by one- and two-
loop superparticle scattering calculations. The complete R4 term arises from four-
graviton scattering in eleven-dimensional supergravity. The quantum contributions to
this process were analyzed at one-loop in eleven-dimensional supergravity compactified
on S1 [6] and T 2 [6, 7]. The latest results were extended to two loops in [8].
In the three cases we have described, we have R2 and R4 terms which are not
supersymmetric. The requirement of having a supersymmetric anomaly-free effective
action motivates the supersymmetrization of these terms.
The supersymmetrization of the Lorentz Chern-Simons terms has already been
made [9, 10, 11, 12] (see also the review [13] for a more complete list of references);
the corresponding result for the R4 terms in string and M-theory effective actions is
still under study, though some results exist both in ten [10, 14] and eleven dimensions
[15, 16]. In reference [14] there is a systematic discussion of the different types of R4
superinvariants one may have.
All these results and claims should also be valid in four dimensions, when one di-
mensionally reduces from ten or eleven. It is useful to consider the same problems in
four-dimensional N = 1 supergravity. What makes these problems easier, in principle,
in this last case, is the knowledge of auxiliary fields, and the existence of a completely
off-shell formulation of the theory in superspace. Also, the solution of these prob-
lems provides important information and consistency tests for the higher dimensional
problems.
The coupling of the Lorentz Chern-Simons term to four-dimensional N = 1 super-
gravity consistent with supersymmetry and dimensional reduction from string theory
has already been worked out [17, 18, 19]. In these references, a linear multiplet is cou-
pled to supergravity. The scalar belonging to that multiplet plays the role of the dilaton
in the dimensionally reduced theory; the two-index gauge field in the same multiplet
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is also analogous to the ten-dimensional two-form whose field strength is corrected the
Lorentz Chern-Simons term.
The problem of supersymmetrizing R4 in N = 1 four-dimensional supergravity had
never been worked out. From what has been said, this problem reduces then to simply
writing the appropriate action in superspace and deriving the respective torsions and
curvatures. That is what is done in this paper. In a future paper, we will present the
complete action in x space.
In any case, already from the results of this paper we can conclude that it requires
an infinite number of terms to achieve the complete supersymmetrization (after the
elimination of auxiliary fields), i.e. to go “on-shell”. The same is valid for writing the
superspace torsions and curvatures. Those terms are part of an infinite series in the
R4 coupling constant, which cannot be written explicitly. In this paper, we compute
the superspace torsions and curvatures up to second order in this coupling constant.
In section 2 we review briefly how to derive field equations in superspace for pure
N = 1, d = 4 supergravity.
In section 3 we motivate and write the superspace action containing the R4 term.
In section 4 we determine the field equations from this action. We show that we
have two field equations, the solutions of which being respectively a polynomial and
an infinite series.
Finally, in section 5 we compare this case with other higher-derivative superinvari-
ants known in the literature, and we comment on the implications of our result for the
determination of effective actions for superstring/M theory.
In appendix A we present our choice of conventions.
2 A review of pure N = 1, d = 4 supergravity in
superspace
In this section, we make a brief review of the superspace formulation of pure N = 1,
d = 4 supergravity, with emphasis on the process of deriving the field equations. None
of the results mentioned in this section is original; we just include them here for the
reader to be acquainted with them (written in our conventions), and because they
are essencial for the rest of the paper, which is a generalization of these results to a
superspace action including the R4 terms.
What is special about N = 1, d = 4 supergravity is the existence of a completely
off-shell formalism. This means that a complete set of auxiliary fields is known (actu-
ally, there exist three known choices). In superspace this means that, after imposing
constraints on the torsions, we can completely solve the Bianchi identities without us-
ing the field equations [20]. Our choice of constraints on the torsions and the solutions
to the Bianchi identities are listed, in our conventions, in appendix A.2. The main re-
sult is that we can express all the unconstrained torsions and curvatures as functions of
three superfields R, GAA˙ and WABC (and their complex conjugates). These superfields
have some properties and satisfy some differential constraints also listed in appendix
A.2.
Another special feature of pure N = 1 four-dimensional supergravity is that its
action in superspace is known. It is written as the integral, over the whole superspace,
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of the superdeterminant of the supervielbein [21]:
I =
1
2κ2
∫ ∫
Ed4θd4x, E = sdetE M
Λ
(2.1)
The following well known result is very useful when computing field equations in
superspace from a given action:∫
E∇Mv
M (−)M d4xd4θ = 0 (2.2)
It allows us to integrate by parts and discard the terms in the action which are full
divergences. This result follows uniquely from the torsion constraints and the Bianchi
identities.
Some of the constraints on the torsions allow us to express all spin connections
in terms of supervielbeins. The other torsion constraints represent constraints on the
supervielbein. One can express E Λm in terms of E
Λ
A and E
Λ
A˙
, which can be expressed
in terms of prepotentials [22]. But these constraints do not depend on any action, and
should be preserved when we vary the supervielbeins and superconnections, in order
to derive the field equations for any action we take. Therefore we define, according to
the original work [21] and the review [23],
H NM = E
Λ
M δE
N
Λ
⇒ δE N
Λ
= E M
Λ
H NM (2.3)
Φ PMN = E
Λ
M δΩ
P
ΛN (2.4)
as arbitrary variations of the supervielbein and the superconnection, respectively, sub-
ject to the condition that the torsion constraints should remain satisfied. Φ PMN is
Lorentz-valued, like Ω PMN : Φ
C
MB = −
1
4
ΦMmn (σ
mn) CB =
1
4
Φ CB˙
MBB˙
.
From the constrained variations (2.3), (2.4) and the definition (A.10) of torsion, we
derive the constrained variation
δT RMN = −H
S
M T
R
SN + (−)
MN
H SN T
R
SM + T
S
MN H
R
S
− ∇MH
R
N + (−)
MN ∇NH
R
M + Φ
R
MN − (−)
MN Φ RNM (2.5)
The equations for δT RMN are invariant under the following two gauge transforma-
tions:
δH NM = ∇Mξ
N − ξPT NPM
δΦ PMN = ξ
QR PQMN (2.6)
and
δH NM = X
N
M
δΦ PMN = ∇MX
P
N (2.7)
The method for deriving, from a given action, its field equations in superspace has
been exposed in [21, 23, 24, 25]. For completeness, we summarize it here. The main idea
is to determine the whole set of H NM and Φ
P
MN . This can be achieved by applying
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(2.5) to the constrained torsions. From what we mentioned before, their variation
should be zero, which implies a set of algebraic equations from which H NM and Φ
P
MN
can be determined in terms of the unconstrained supertorsions and supercurvatures
(which means in terms of R, GAA˙ and WABC and their complex conjugates), and some
extra arbitrary superfields. Since these extra superfields are arbitrary, δI can only
vanish if their coefficients vanish. The vanishing of these coefficients is equivalent to
the superspace field equations.
We will briefly review the pure supergravity case, before going to the R4 action.
Details and derivations can be found in [21, 23, 24, 25]. The variation of the action
(2.1) is simply given by
2κ2δI =
∫
E
(
1
2
H AA˙
AA˙
−H AA −H
A˙
A˙
)
d4xd4θ (2.8)
From δT C˙AB = 0, δT
m
AB = 0, and by fixing the gauge invariance (2.6), it has
been shown that we may write
HB˙k = −∇B˙χk, HBk = ∇Bχk (2.9)
HB˙A =
i
24
RχAB˙, HAB˙ = −
i
24
RχAB˙ (2.10)
χk is an arbitrary, pure imaginary superfield.
It has also been shown that we have the following parameterization 1:
H kk −H
A
A +∇
kχk − 2iχ
kGk =
(
∇
2
+
1
3
R
)
U (2.11)
H kk −H
A˙
A˙
−∇kχk − 2iχ
kGk =
(
∇2 +
1
3
R
)
U (2.12)
(
∇2 + 1
3
R
)
is, in our notations, the chiral projector for a scalar superfield. U is an
arbitrary superfield, and U its complex conjugate.
The final result for (2.8) is [23] 2
H kk −H
A
A −H
A˙
A˙
=
i
12
(
∇A˙∇A −∇A∇A˙
)
χAA˙ +
2
3
iχAA˙GAA˙
+
1
3
(
∇
2
+
1
3
R
)
U +
1
3
(
∇2 +
1
3
R
)
U (2.13)
Replacing in (2.8), and recalling (2.2),
2κ2δI =
∫
E
(
2
3
iχAA˙GAA˙ +
1
9
RU +
1
9
RU
)
d4xd4θ = 0 (2.14)
Since U, χAA˙ are completely arbitrary, there’s no other possibility than to have
1Equations (2.9), (2.10), (2.11) and (2.12) are derived in [24, 25] and were told to us by P. van
Nieuwenhuizen.
2We will present our derivation of (2.13) in section 4, after we have computed the remaining
components of H N
M
.
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GAA˙ = 0 (2.15)
R = 0 (2.16)
These are the field equations for pure N = 1 four-dimensional supergravity.
3 The supersymmetric R4 action
To the action (2.1), we are adding (supersymmetric) R4 correction terms. Because
of the field equations (2.15), (2.16) it does not make sense to add terms to (2.1)
which are proportional to R or GAA˙ (the field equations would only get perturbative
corrections which would not affect the unperturbed solutions (2.15), (2.16)). Therefore,
the terms we are looking for must contain WABC and WA˙B˙C˙ . Indeed, it is well known
[26] that the component expansion of WABC includes the term
3
∇AWBCD
∣∣∣ = 1
8
Rµνρσσ
µν
ABσ
ρσ
CD + · · · = −
1
2
WABCD + · · · (3.1)
WABCD is the Weyl tensor in spinor notation, a Lorentz-irreducible component of the
Riemannn tensor [27, chapters 4 and 13].
One can easily (using the solutions to the Bianchi identities and (A.26), (A.27))
derive the following formula:
∇2W 2 = −2
(
∇AWBCD
)
∇AWBCD + 12 (∇
mGn)∇mGn
− 12 (∇mGn)∇nGm − 12iε
mnrs (∇mGn)∇rGs
−
5
3
RW 2 − 20WABCG A˙A ∇BGCA˙ + 8iW
ABC∇ A˙A ∇BGCA˙ (3.2)
We see that the θ2 component of W 2 has a W2 term. This way, a supersymmetric
action which includes R4 (actually, W4) should have (because of hermiticity) a W 2W
2
term. The action we are then considering 4 is written, in superspace, in the following
way:
I =
1
2κ2
∫ ∫
E
(
1 + αW 2W
2
)
d4θd4x (3.3)
α is a coupling constant, a perturbative parameter of mass dimension -6. From now
on, in each formula we write, the limit α = 0 is the limit of pure supergravity.
It is important to know the exact expansion in components of (3.3). We leave the
details for another publication [28]. Anyway, it is useful to mention here some aspects.
It is well known that, in the old minimal formulation of supergravity [29, 30], there are
no fermionic auxiliary fields. The auxiliary fields are then a scalar M , a pseudoscalar
3The underlined indices are symmetrized with weigth one; the vertical bar means the θ = 0
component.
4In a future publication [28] we will discuss other possibilities for supersymmetric R4 actions.
5
N and a vector Am, which are zero on-shell (in pure supergravity). The following
identification is valid [31]:
R
∣∣∣ = 4 (M + iN) (3.4)
GAA˙| =
1
3
AAA˙ (3.5)
It agrees with the field equations (2.15), (2.16) of pure supergravity. But if we consider
our higher-derivative action (3.2), we see that the θ2 component of W 2 has derivatives
of GAA˙. If we expand then (3.3) in components, we will also get a higher-derivative
action in the auxiliary field Am, which means a complicated nonalgebraic field equation
for it.
It is worth mentioning that the piece of (3.3) proportional to α, i.e. the R4 correc-
tion to pure supergravity, is also the subleading correction to the Weyl supergravity
action in a recently proposed Born-Infeld-Weyl supergravity action [32].
4 The superspace field equations, torsions and cur-
vatures
Now we are ready to follow the same procedure as in sec. 2, but this time with
respect to the action (3.3). We will need the whole set of components of H NM and all
but one of Φ PMN . We start by this computation.
4.1 The full computation of H NM and Φ
P
MN
From the variation of the constrained torsions, we get
δT CAB = 0 ⇒ −
1
2
H DD˙A T
C
DD˙ B
−∇AH
C
B + Φ
C
AB = 0 (4.1)
δT C˙
AB˙
= 0 ⇒ −
1
2
H DD˙A T
C˙
DD˙B˙
−
1
2
H DD˙
B˙
T C˙
DD˙A
+ T n
AB˙
H C˙n
−∇AH
C˙
B˙
−∇B˙H
C˙
A + Φ
C˙
AB˙
= 0 (4.2)
δT m
AB˙
= 0 ⇒ −H CA T
m
CB˙
−H C˙
B˙
T m
C˙A
+ T n
AB˙
H mn
−∇AH
m
B˙
−∇B˙H
m
A = 0 (4.3)
δT nAm = 0 ⇒ H
B˙
m T
n
B˙A
+ T BAm H
n
B + T
B˙
Am H
n
B˙
−∇AH
n
m +∇mH
n
A
+Φ nAm = 0 (4.4)
δT pmn = 0 ⇒ T
A
mn H
p
A + T
A˙
mn H
p
A˙
−∇mH
p
n +∇nH
p
m
+Φ pmn − Φ
p
nm = 0 (4.5)
From δT nAm = 0, we get
Φ CC˙
ABB˙
= −H A˙
BB˙
T CC˙
A˙A
− T D
ABB˙
H CC˙D − T
D˙
ABB˙
H CC˙
D˙
+ ∇AH
CC˙
BB˙
−∇BB˙H
CC˙
A (4.6)
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From δT pmn = 0 we get an algebraic equation for Φ
p
mn . This specific computation
is not necessary for the variation of our action (see sec. 4.2); once we determine H pm ,
as we will, and knowing H pA , this computation becomes straightforward.
From δT C˙
AB˙
= 0 we get
Φ C˙
AB˙
=
1
4
Φ BC˙
ABB˙
=
1
2
H DD˙A T
C˙
DD˙B˙
+
1
2
H DD˙
B˙
T C˙
DD˙A
+ 2iH C˙
AB˙
+∇AH
C˙
B˙
+∇B˙H
C˙
A (4.7)
From δT m
AB˙
= 0
2iH CA σ
m
CB˙
+ 2iH C˙
B˙
σ m
AC˙
− 2iH m
AB˙
−∇AH
m
B˙
−∇B˙H
m
A = 0 (4.8)
from which we get the equation
H BB˙
AA˙
= 2
(
H BA ε
B˙
A˙
+H B˙
A˙
ε BA
)
+
i
2
(
∇AH
BB˙
A˙
+∇A˙H
BB˙
A
)
(4.9)
We can use the gauge invariance (2.7) to gauge away the symmetric part of HAB:
H BA =
1
2
H CC δ
B
A
H B˙
A˙
=
1
2
H C˙
C˙
δ B˙
A˙
(4.10)
Replacing (2.9) and (4.10) into (4.9), we get
H BB˙
AA˙
=
(
H CC +H
C˙
C˙
)
δ BA δ
B˙
A˙
+
i
2
(∇A∇A˙ −∇A˙∇A)χ
BB˙ (4.11)
Tracing the last equation for H BB˙
AA˙
we obtain
H kk = 2
(
H AA +H
A˙
A˙
)
−
i
4
(∇A∇A˙ −∇A˙∇A)χ
AA˙ (4.12)
Combining this last equation with the previous equations (2.11) and (2.12), we can
solve for
H kk =
8
3
iχkGk +
2
3
(
∇
2
+
1
3
R
)
U +
2
3
(
∇2 +
1
3
R
)
U
+
i
12
(∇A∇A˙ −∇A˙∇A)χ
AA˙ (4.13)
H AA =
2
3
iχkGk −
1
3
(
∇
2
+
1
3
R
)
U +
2
3
(
∇2 +
1
3
R
)
U
+
i
12
(∇A∇A˙ −∇A˙∇A)χ
AA˙ +∇kχk (4.14)
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H A˙
A˙
=
2
3
iχkGk +
2
3
(
∇
2
+
1
3
R
)
U −
1
3
(
∇2 +
1
3
R
)
U
+
i
12
(∇A∇A˙ −∇A˙∇A)χ
AA˙ −∇kχk (4.15)
From these three expressions, (2.13) follows. Also, from (4.11), it follows that
H BB˙
AA˙
=
[
1
3
(
∇2 +
1
3
R
)
U +
1
3
(
∇
2
+
1
3
R
)
U +
2
3
iχCC˙GCC˙
+
i
6
(∇C∇C˙ −∇C˙∇C)χ
CC˙ ] ε BA ε
B˙
A˙
+
i
2
(∇A˙∇A −∇A∇A˙)χ
BB˙ (4.16)
Replacing these expressions in (4.6) - actually its complex conjugate-, we can now solve
for H B
AA˙
:
H B
AA˙
=
1
6
ε BA ∇A˙
(
χDD˙GDD˙
)
+
i
6
[
∇A˙
(
∇2 +
1
3
R
)
U
]
ε BA
+
i
4
ε BA ∇A˙
(
∇DD˙χDD˙
)
+
1
24
ε BA ∇A˙ (∇D∇D˙ −∇D˙∇D)χ
DD˙
+
1
8
∇A˙ (∇D˙∇A −∇A∇D˙)χ
BD˙ −
1
16
R∇Aχ
B
A˙
−
i
4
∇AB˙∇A˙χ
BB˙
−
1
24
χB
A˙
∇AR +
3
16
G B˙A ∇B˙χ
B
A˙
+
1
16
GAA˙∇B˙χ
BB˙
−
1
16
GAB˙∇A˙χ
BB˙ −
3
8
GBB˙∇A˙χAB˙ −
3
8
ε BA
(
∇A˙χ
CB˙
)
GCB˙ (4.17)
This finishes our computation ofH NM . We see that we did not need to introduce any
other arbitrary superfield for this computation: the superfields introduced in section 2
are enough, as expected, because we have three independent superfields and we want
to find out relations between them. These relations should be generalizations of (2.15)
and (2.16): GAA˙ and R should be functions of the independent superfield WABC , which
is responsible to the correction terms in (3.3). Therefore we only have two equations
and two arbitrary superfields.
4.2 The field equations in superspace
The variation of our action (3.3) is given by the superspace integral of
δ
[
E
(
1 + αW 2W
2
)]
= 2αE
(
W
2
WABCδWABC +W
2W A˙B˙C˙δWA˙B˙C˙
)
+
(
1 + αW 2W
2
)
δE (4.18)
For this computation we obviously need the constrained variation of WABC . The
details of this calculation are presented in appendix B, where we derive an equation
for W
2
WABCδWABC + h.c.. Having this result (which is eq. (B.9)), we should now
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integrate it in superspace (multiplied by E). In order to ”factorize” iχAA˙, U, U to get
the field equations, we should integrate by parts the terms which contain derivatives
of these superfields. Following this procedure, we write
∫
E
[
2W
2
WABCδWABC + 2W
2W A˙B˙C˙δWA˙B˙C˙
]
d4xd4θ
=
∫
E
[
iχAA˙
[
−2GAA˙W
2W
2
+
i
8
∇B
(
R∇C
A˙
(
WABCW
2
))
+
1
2
(
∇D˙∇
B −∇B∇D˙
) ((
∇A˙G
CD˙
)
WABCW
2
)
−
i
4
(
∇A˙∇
B −∇B∇A˙
)
∇D˙∇C
D˙
(
WABCW
2
)
+
1
2
∇D˙∇B
A˙
∇C
D˙
(
WABCW
2
)
−
i
12
(
∇BR
)
∇C
A˙
(
WABCW
2
)
+
3
8
i∇D˙
(
GB
D˙
∇C
A˙
(
WABCW
2
))
−
i
8
∇A˙
(
GBD˙∇C
D˙
(
WABCW
2
))
−
5
8
i∇D˙
(
GB
A˙
∇C
D˙
(
WABCW
2
))
+
1
12
(
∇BGC
A˙
)
RWABCW
2
−
3
16
∇B
(
GC
A˙
RWABCW
2
)
+
1
8
(
∇BR
)
GC
A˙
WABCW
2
+
3
8
(
∇A˙∇
B −∇B∇A˙
)
∇D˙
(
GC
D˙
WABCW
2
)
+
3
4
i∇D˙∇C
A˙
(
GB
D˙
WABCW
2
)
+
3
8
∇D˙
(
GB
A˙
GC
D˙
WABCW
2
)
+ h.c.
]
− U∇2
(
W 2W
2
)
−
U
3
RW 2W
2
− U∇
2
(
W 2W
2
)
−
U
3
RW 2W
2
+ full divergences] d4xd4θ (4.19)
Using the previous results (2.8), (2.13) and (4.19), and remembering that we can
use (2.2) to discard the terms which are full divergences, we finally get for (4.18)
∫
δ
[
E
(
1 + αW 2W
2
)]
d4xd4θ = α
∫
E
{[
2
3α
GAA˙ −
4
3
GAA˙W
2W
2
−
1
12
(∇A∇A˙ −∇A˙∇A)
(
W 2W
2
)
+
[
1
2
(
∇D˙∇
B −∇B∇D˙
) ((
∇A˙G
CD˙
)
WABCW
2
)
+
i
8
∇B
(
R∇C
A˙
(
WABCW
2
))
−
i
4
(
∇A˙∇
B −∇B∇A˙
)
∇D˙∇C
D˙
(
WABCW
2
)
+
1
2
∇D˙∇B
A˙
∇C
D˙
(
WABCW
2
)
−
i
12
(
∇BR
)
∇C
A˙
(
WABCW
2
)
+
3
8
i∇D˙
(
GB
D˙
∇C
A˙
(
WABCW
2
))
9
−
i
8
∇A˙
(
GBD˙∇C
D˙
(
WABCW
2
))
−
5
8
i∇D˙
(
GB
A˙
∇C
D˙
(
WABCW
2
))
−
3
16
∇B
(
GC
A˙
RWABCW
2
)
+
1
12
(
∇BGC
A˙
)
RWABCW
2
+
1
8
(
∇BR
)
GC
A˙
WABCW
2
+
3
8
(
∇A˙∇
B −∇B∇A˙
)
∇D˙
(
GC
D˙
WABCW
2
)
+
3
4
i∇D˙∇C
A˙
(
GB
D˙
WABCW
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−
2
3
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2
∇2W 2 −
2
9
URW 2W
2
+
1
9
UR
α
−
2
3
UW 2∇
2
W
2
−
2
9
URW 2W
2
+
1
9
UR
α
}
d4xd4θ
= 0 (4.20)
The U, U field equations are immediately read:
2
3
UW
2
∇2W 2 +
2
9
URW 2W
2
−
1
9
UR
α
= 0
R
3
(
2W 2W
2
−
1
α
)
= −2W
2
∇2W 2 (4.21)
Since W 5 = 0, we get then the following (exact) result:
R = 6α
W
2
∇2W 2
1− 2αW 2W
2
= 6αW
2
∇2W 2 + 12α2W
4
W 2∇2W 2
R = 6α
W 2∇
2
W
2
1− 2αW 2W
2
= 6αW 2∇
2
W
2
+ 12α2W 4W
2
∇
2
W
2
(4.22)
The χAA˙ field equation can also be immediately read:
GAA˙
α
= 2GAA˙W
2W
2
+
i
4
W
2
∇AA˙W
2 −
i
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W 2∇AA˙W
2
+
1
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(
W 2
)
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−
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−
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8
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)
+
3
16
(
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∇D˙
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9
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(
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WABCW
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)
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4
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CD˙
)
WABCW
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)
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9
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(
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D˙
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2
)
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3
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i∇B
(
R∇C
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(
WABCW
2
))
+
1
8
R
(
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)
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2
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9
16
i∇D˙
(
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D˙
∇B
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(
WABCW
2
))
−
3
16
i∇A˙
(
GBD˙∇C
D˙
(
WABCW
2
))
+
3
4
∇D˙∇B
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∇C
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(
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)
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16
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(
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)
∇D˙∇C
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(
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)
+ h.c.
]
(4.23)
This equation must be rewritten in a different form. Using the supercommutation
relations and the solutions for torsions and curvatures in appendix A.2, most of its terms
may be rewritten in such a way that they contain a minimal number of derivatives and
an explicit dependence on R,GAA˙,WABC . The actual computations for this purpose are
very heavy, and nothing special can be learnt from them. We present the intermediate
results (the expansion of each term in (4.23)) in appendix C. Here we present only
the final results. Replacing each expression of appendix C in (4.23), we obtain the
following expanded field equation for GAA˙:
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4
α
1 + αW 2W
2
(
∇AW
2
)
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2
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(
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)
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)
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D˙
WABC +
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2
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(
∇D˙W
2
)
∇C
D˙
WABC
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∇A˙∇
C
D˙
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∇D˙∇C
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∇D˙∇C
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∇B
A˙
WABC −
3
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(
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2
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∇B∇C
A˙
WABC
−
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∇
2
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A˙
W
2
)
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]
(4.24)
This is a complicated nonlinear differential equation for GAA˙, which cannot be solved
in a closed form. The best we can do is to solve it as a power series in α. The main
question is: does that expansion stop for some power of α, like in R, or is it an infinite
expansion?
To answer this question, we must look at the different terms of (4.24). Expanding
the overall factor
α
1 + αW 2W
2
= α− α2W 2W
2
+ α3W 4W
4
(4.25)
and keeping in mind that W 5 = 0, we see that it is enough to multiply (4.25) by
a term with a free WABC factor to be sure that the expansion stops at α
2, like R.
Therefore, if each and every term of (4.24) has, after each iteration, a free WABC factor
(or something from which it can be extracted, like one derivative of W 2), we have a
finite polynomial expansion of GAA˙. If at least one of the terms of (4.24) does not
have such a factor, the iteration process will never stop and we will have an infinite
expansion.
The problems with getting a free WABC factor after iteration arise from the terms
with derivatives of GAA˙, because these terms may contribute with derivatives ofWABC ,
which do not stop the iteration process.
Let’s then start by analyzing each term of (4.24) which does not include deriva-
tives of GAA˙. By inspection, we conclude that all of them have a WABC factor with
the exception of the three last terms which are only proportional to ∇CWABC or its
derivatives. Therefore, using (A.27), we can write them as derivatives of GAA˙ plus
terms proportional to WABC :
∇B
A˙
WABC =
i
2
∇A˙∇
BWABC +
5
2
iGB
A˙
WABC = ∇A˙∇
B˙
A GCB˙ +
5
2
iGB
A˙
WABC (4.26)
∇B∇C
A˙
WABC = −2i∇
B
A˙
∇ B˙A GBB˙ +G
B
A˙
∇ B˙A GBB˙ +
11
2
i
(
∇BGC
A˙
)
WABC (4.27)
We have two kinds of terms to iterate in (4.24): the ones without and the ones with
derivatives of GAA˙. Replacing (4.26) and (4.27) in (4.24), we conclude that the former
terms all have a WABC factor after iteration and only have a finite contribution to the
α expansion of GAA˙.
The terms of (4.24) with derivatives of GAA˙ are linearly independent and cannot
be simplified. Each time we iterate a solution for GAA˙ of a certain order in α on each
of these terms, we get terms with higher derivatives of WABC and no new factors of
WABC itself. This means that, because of these terms, the actual solution for GAA˙ is,
as opposite to R, an infinite series in α, with derivatives of WABC to all orders.
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From what was mentioned in section 3, this result was expected. The nonalgebraic
field equation for the auxiliary field Am, because of its higher-derivative terms in the
component action, is actually obtained by taking the θ = 0 component of (4.24).
4.3 Computation of GAA˙ to second order in α
From the results of the previous subsection, we conclude that the complete on-shell
supersymmetrization of R4 requires an infinite number of terms. In practice, what we
do is to solve (4.24) for GAA˙ perturbatively order by order in α, by iterating, for n-th
order, the n− 1-th solution.
In this subsection, we solve (4.24) for GAA˙ up to second order in α (the order at
which R stops). We must then first solve for GAA˙ to first order in α.
In order to do that first we take, in (4.24), only the terms which are of first order
in α. We recall that, to order 0 in α (pure supergravity), both GAA˙ = 0 and R = 0.
The first non-trivial order is, then, α, which means that both GAA˙ and R necessarily
contribute with, at least, one power of α. We also recall that, due to the off-shell
identity (A.27), terms like ∇CWABC are, at least, of order α, and therefore
∇AWBCD = ∇AWBCD +O (α) (4.28)
We then get
GAA˙ = −iαW
2∇AA˙W
2
+ iαW
2
∇AA˙W
2 +
α
4
(
∇AW
2
)
∇A˙W
2
−
3
2
α
(
∇B∇ B˙A ∇
C˙
B W
2
)
WA˙B˙C˙
−
3
2
α
(
∇B˙∇B
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∇C
B˙
W
2
)
WABC +O
(
α2
)
(4.29)
which satisfies
∇A˙GAA˙ = −
1
4
α
(
∇AW
2
)
∇
2
W
2
− iαW 2∇A˙∇AA˙W
2
+O
(
α2
)
(4.30)
We now do the same with (4.22):
R = 6αW 2∇
2
W
2
+O
(
α2
)
(4.31)
By taking
∇AR = 6α
(
∇AW
2
)
∇
2
W
2
+ 24iαW 2∇A˙∇AA˙W
2
+O
(
α2
)
(4.32)
we see that the off-shell relation (A.26) is satisfied to first order in α, as it should.
We now proceed keeping, from (4.24), only the terms which are of order α2. These
terms are:
GAA˙ = −αW
2W
2
GAA˙ +
α
4
(
∇AW
2
)
∇A˙W
2
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]
+O
(
α3
)
(4.33)
We must now replace the solutions (4.29) and (4.31) for GAA˙ and R in (4.33). For
that, we need a series of intermediate expressions which we present in appendix D.
The actual computations are very heavy, and nothing special can be learnt from them.
Here we present only the final results. Replacing each expression of appendix D in
(4.33), we obtain the following expanded field equation for GAA˙
5:
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5When we double-underline a pair of indices, like B,C in W
BDE
W
C
EF
, we mean that we are
symmetrizing that pair of indices and there is another pair of indices of the same type (D,F in our
case) which is being symmetrized independently of the first.
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α3
)
(4.34)
Substituting (4.34) and the exact expression (4.22) in the expressions of appendix
A.2, we get the solution of the superspace torsions and curvatures to second order in
α. The knowledge of these expressions (though (4.34) being very complicated) may be
relevant in order to check consistency with higher dimensional results, such as the on-
shell solution of Bianchi identities or the identification of auxiliary fields and constraints
such as (A.26).
5 Discussion, conclusions and future perspectives
In this paper, we have shown that, in order to supersymmetrize R4 on shell, one
must introduce an infinite number of terms. We derived this result in four dimensions,
but it is valid in higher dimensions. Any dimensional reduction of an equivalent higher-
dimensional result must agree with it. Its infinite number of terms shows that the
complete supersymmetric R4 theory is nonlocal.
By being able to get a complete solution for R (4.22), we see that we can put our
theory only partially off-shell (by eliminating the auxiliary fieldsM,N and leaving Am)
with just a finite number of terms.
The result we obtained is not unexpected: since the late 80s, during the supersym-
metrization of the Lorentz Chern-Simons term, people obtained nonlinear differential
equations for auxiliary fields [9, 11, 12]. The same was valid for the four-dimensional
case [17].
In [12], auxiliary fields Ymnpq and Smnp were introduced while solving the Bianchi
identities. These fields had to be expanded to an infinite series in a perturbative
parameter c2 (defined below). What is remarkable is that a complete, all order solution
to Ymnpq exists (but depending on Smnp). It is then possible to eliminate Ymnpq, leaving
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only Smnp. This situation is similar to the one we saw in this paper: the auxiliary fields
Ymnpq and Smnp are analogous to our R and Am, respectively.
There is, anyway, an important difference between working in ten or eleven dimen-
sions and the four dimensional case we considered in this paper. In ten dimensional
type I supergravity in superspace [33], one must introduce a 2-form BMN , with field
strength HMNP , in order to accomodate the x-space 2-form Bmn. The field strength
H satisfies the Bianchi identity dH = 0 (in differential form notation) which, together
with the torsion Bianchi identities, form a set of coupled equations to be solved simul-
taneously. If we consider type I supergravity coupled to super Yang-Mills [34], we have
an additional one-form AM with field strength FMN and Bianchi identity dF = 0, but
we must modify the H Bianchi identity by dH = trF 2, because of the corresponding
redefinition of the x-space field strength [35]. In eleven-dimensional supergravity there
is a similar situation [36]: one needs to introduce a superspace 3-form XMNP in order
to accomodate the x-space 3-form Xmnp, but its field strength YMNPQ satisfies the
Bianchi identity dY = 0. In all these cases, even if we had an eventual off-shell formal-
ism, we would still have a system of coupled nonlinear superspace Bianchi identities
which would have to be solved by an iterative procedure. 6
In four dimensional supergravity, because of its smaller field content, we only need
to consider the torsion Bianchi identities. As it is well known, there is a complete
off-shell solution to them. The non-linearities may only show up when we go on-shell,
as we did with a higher-derivative action. This was the reason for the need of an
infinite number of terms in a completely supersymmetric action. From the results of
this paper, it should be very clear that the necessity for an infinite number of terms in
the corresponding problem in ten or eleven dimensions comes also from the fact that
we are supersymmetrizing a higher-derivative theory, and not only because of coupled
nonlinear Bianchi identities.
Knowing this, there are two alternatives to proceed supersymmetrizing R4 actions.
One is to work order by order in some perturbative parameter, changing the supersym-
metry transformations in x-space. This is what has been done in [14] in ten dimensions
and in [15] in eleven. The second alternative is to introduce auxiliary fields. They are
easier to identify while solving the Bianchi identities in superspace, where one can relax
the torsion constraints. This procedure has been followed by [16, 37, 38].
From the results we got in this paper, we can compare our solution to the superspace
Bianchi identities with higher dimensional ones, after eliminating auxiliary fields in
these solutions. A comparison of the solutions before and after the elimination of the
auxiliary fields could clarify their role and possible identification.
We can also expand the action (3.3) in components and eliminate the auxiliary fields
M,N , getting a partially off-shell supersymmetric x-space R4 action, which should be
easier to compare with the R4 superinvariants constructed in higher dimensions. This
work is in progress [28].
6If we instead consider anomaly-free ten-dimensional supergravity, there is an extra complication:
the Green-Schwarz mechanism requires an extra redefinition of the x-space three-form field strength,
as we mentioned, which implies an extra term in dH = tr(c1F
2 − c2R2). This difficulty can be
remedied with a theorem proved in [11], which reduces this case to the previous one (dH = trF 2)
through a superfield redefinition.
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A Survey of known results and conventions
A.1 General conventions
We work in flat Minkowski space-time with the metric ηmn = diag (−1, 1, 1, 1). The
Levi-Civita tensor is given by ε0123 = −ε0123 = 1.
In flat space the vector indices are m,n, . . ., the two-component spinor indices are
A, A˙, . . ., and the superindices are M,N, . . . In curved space, the vector indices are
µ, ν, . . . and the superindices are Λ,Π, . . . We do not use curved spinor indices in x-
space.
We raise and lower two-component spinor indices with the tensors
εAB = ε
AB = −εA˙B˙ = −ε
A˙B˙, ε12 = 1 (A.1)
The contractions of spinor indices always follow the north-west rule (the same is valid
for superindices in general). We then define
θ2 = θAθA = ε
ABθBθA, θ
2
= θA˙θA˙ = ε
A˙B˙θB˙θA˙ (A.2)
The decomposition of a tensor with two spinor indices on its symmetric (underlined)
and antisymmetric (trace) parts is always (for dotted/undotted, upper/lower indices)
given by
TAB = TAB −
1
2
εABT
C
C , TA˙B˙ = TA˙B˙ −
1
2
εA˙B˙T
C˙
C˙
(A.3)
Dotted and undotted spinor indices are related through complex conjugation (that’s
what a bar means):
θA = θA˙, θ
A = −θA˙ (A.4)
For fermionic derivatives, the rules are
(
∂
∂θA
)
= −
∂
∂θA˙
,
(
∂
∂θA
)
=
∂
∂θA˙
(A.5)
We define (as proposed in [26] - notice that our conventions differ from this book)
AAA˙ = Amσ
m
AA˙
, Am =
1
2
AAA˙σ
AA˙
m (A.6)
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with
σm
AA˙
= (I, ~σ)AA˙ , σ
AA˙
m = (−I, ~σ)
AA˙ (A.7)
~σ are the three Pauli matrices.
We write (in superspace, at least) all the vector indices contracted like this. Because
of the Lorentz invariance of σm
AA˙
, we can use in our superspace calculations with these
“contracted vector indices” the normal rules for the spinor indices.
A.2 Superspace conventions
The superspace Lorentz covariant derivative is given by
∇Λ = ∂Λ +
1
2
Ω mn
Λ
Jmn, ∇M = E
Λ
M ∇Λ (A.8)
Our definitions of supertorsion and (Lorentz-valued) supercurvature come from
[∇M ,∇N} = T
R
MN ∇R +
1
2
R rsMN Jrs (A.9)
Explicitly, we have
T RMN = E
Λ
M ∂ΛE
Π
N E
R
Π
+ Ω RMN − (−)
MN (M ↔ N) (A.10)
R rsMN = E
Λ
M E
Π
N
{
∂ΛΩ
rs
Π + Ω
rk
Λ Ω
s
Πk − (−)
ΛΠ (Λ↔ Π)
}
(A.11)
Our choice of constraints is that all the torsions which are missing in the following
list are set equal to zero, with the exception of
T m
AB˙
= −2iσm
AB˙
(A.12)
The solutions to the Bianchi identities [20] are, in our conventions, for the torsions:
TAA˙ B˙C =
i
12
εACεA˙B˙R (A.13)
TAA˙ BC =
i
4
(3εABGCA˙ + εACGBA˙ − 3εBCGAA˙) (A.14)
TAA˙ BB˙ C = −εA˙B˙
(
WABC −
1
2
εAC∇
C˙GBC˙ −
1
2
εBC∇
C˙GAC˙
)
− εAB
(
∇A˙GCB˙
)
(A.15)
Obviously, complex-conjugating (A.13), (A.14), (A.15) we get the solutions for the
complex-conjugated torsions. The same is valid for the curvatures, whose solutions to
the Bianchi identities are:
RABCD =
1
6
(εACεBD + εADεBC)R (A.16)
RAB˙CD = εACGDB˙ + εADGCB˙ (A.17)
RA˙B˙CD = 0 (A.18)
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RE AA˙ B˙C˙ = −2iεEAWA˙B˙C˙ −
i
96
εEAεA˙B˙∇C˙R−
i
96
εEAεA˙C˙∇B˙R
+
i
2
εA˙C˙∇EGAB˙ +
i
2
εA˙B˙∇EGAC˙ (A.19)
RE AA˙ BC = −iεEA∇BGCA˙ −
i
2
εEB∇CGAA˙ −
i
2
εEC∇AGBA˙
−
i
32
(εEBεAC + εECεAB)∇A˙R (A.20)
RAA˙ BB˙ CD = −εA˙B˙∇AWBCD
− εA˙B˙ (εACεBD + εADεBC) ·(
1
192
(
∇2R +∇
2
R
)
+
1
144
RR +
1
4
GEE˙GEE˙
)
+ εAB
[
∇C∇A˙GDB˙ − i∇CA˙GDB˙ + GCA˙GDB˙
]
(A.21)
The superfields GAA˙ and WABC have the following complex conjugation properties:
GAB˙ = GBA˙ (A.22)
WABC =WA˙B˙C˙ (A.23)
R and WA˙B˙C˙ are antichiral:
∇AR = 0 (A.24)
∇AWA˙B˙C˙ = 0 (A.25)
The following relations between R, GAA˙ andWABC are a consequence of the Bianchi
identities:
∇AGAB˙ =
1
24
∇B˙R (A.26)
∇AWABC = i
(
∇BA˙G
A˙
C +∇CA˙G
A˙
B
)
(A.27)
From (A.26) and its complex conjugate and the solution of the Bianchi identities,
we may also derive the following useful relation between superfields:
∇2R−∇
2
R = 96i∇nGn (A.28)
These relations (A.26), (A.27), (A.28) are off-shell identities (not field equations).
B The constrained variation of WABC
In this appendix, we present the details of the computation of δWABC . From the
solution of the Bianchi identities, we have
WABC =
1
2
T A˙
A BA˙ C
, WA˙B˙C˙ = −
1
2
TA
A˙AB˙C˙
(B.1)
Therefore, from (2.5) and the torsions (A.12), (A.13), (A.14) and (A.15), we have for
the constrained variation
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δWABC = −H
A˙ D
A TD BA˙ C −
1
2
H A˙ DD˙A TDD˙ BA˙ C
+
1
2
T A˙ D
A BA˙
HDC +
1
2
T A˙ D˙
A BA˙
HD˙C −∇
A˙
A HBA˙ C (B.2)
This expression needs to be simplified. For that, we use again our knowledge of the
torsions from the solution of the Bianchi identities and the equations for H NM we have
just derived. We get for each term in (B.2)
−H A˙ DA TD BA˙ C =
3
32
iR
(
∇Aχ
A˙
B
)
GCA˙
+
3
16
i
(
∇A˙
(
∇E˙∇A −∇A∇
E˙
)
χBE˙
)
GCA˙
+
3
8
(
∇ E˙A ∇
A˙χBE˙
)
GCA˙
+
i
16
χ A˙B
(
∇AR
)
GCA˙ −
3
16
iGAE˙GCA˙∇
E˙χ A˙B (B.3)
H A˙ DD˙A TDD˙ BA˙ C =
[
2
3
(
∇2 +
1
3
R
)
U +
2
3
(
∇
2
+
1
3
R
)
U
+
4
3
iχEE˙GEE˙ +
i
3
(
∇E∇E˙ −∇E˙∇E
)
χEE˙
]
WABC
+
i
2
(
∇A˙∇A −∇A∇A˙
)
χDA˙WDBC
−
i
96
[(
∇A˙∇A −∇A∇
A˙
)
χCA˙
]
∇BR
+
i
2
[(
∇A˙∇A −∇A∇
A˙
)
χBD˙
]
∇D˙GCA˙ (B.4)
T A˙ D
A BA˙
HDC =
[
2
3
(
∇2 +
1
3
R
)
U −
1
3
(
∇
2
+
1
3
R
)
U +
1
2
∇EE˙χ
EE˙
+
i
3
χEE˙GEE˙ +
i
2
(
∇E∇E˙ −∇E˙∇E
)
χEE˙
]
WABC (B.5)
T A˙ D˙
A BA˙
HD˙C = −
i
12
(
∇AG
D˙
B
)
RχCD˙ (B.6)
∇ A˙A HBA˙ C = −
1
16
∇ A˙A
(
R∇BχCA˙
)
−
1
24
∇ A˙A
(
χBA˙∇CR
)
+
1
8
∇ A˙A ∇A˙
(
∇B∇
E˙ −∇E˙∇B
)
χCE˙
+
i
4
∇ A˙A ∇
E˙
B ∇A˙χCE˙ +
3
16
∇ A˙A
(
G E˙B ∇E˙χCA˙
)
+
1
16
∇ A˙A
(
GBA˙∇E˙χ
E˙
C
)
−
5
16
∇ A˙A
(
G E˙B ∇A˙χCE˙
)
(B.7)
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We may then write (B.2) as
δWABC = −
1
2
[(
∇
2
+
1
3
R
)
U
]
WABC −
i
2
χEE˙GEE˙WABC
−
i
8
[(
∇E∇E˙ −∇E˙∇E
)
χEE˙
]
WABC
−
i
4
(
∇A˙∇A −∇A∇A˙
)
χDA˙WDBC
+
1
4
(
∇EE˙χ
EE˙
)
WABC −
i
4
[(
∇A˙∇A −∇A∇
A˙
)
χBD˙
]
∇D˙GCA˙
+
1
16
∇ A˙A
(
R∇BχCA˙
)
−
1
8
∇ A˙A ∇A˙
(
∇B∇
E˙ −∇E˙∇B
)
χCE˙
−
i
4
∇ A˙A ∇
E˙
B ∇A˙χCE˙ +
1
24
∇ A˙A
(
χBA˙∇CR
)
−
3
16
∇ A˙A
(
G E˙B ∇E˙χCA˙
)
−
1
16
∇ A˙A
(
GBA˙∇E˙χ
E˙
C
)
+
5
16
∇ A˙A
(
G E˙B ∇A˙χCE˙
)
−
i
24
(
∇AG
D˙
B
)
RχCD˙
+
3
32
iR
(
∇Aχ
A˙
B
)
GCA˙ +
i
16
χ A˙B
(
∇AR
)
GCA˙
+
3
16
i
(
∇A˙
(
∇E˙∇A −∇A∇
E˙
)
χBE˙
)
GCA˙
+
3
8
(
∇ E˙A ∇
A˙χBE˙
)
GCA˙ −
3
16
iGAE˙GCA˙∇
E˙χ A˙B (B.8)
and hence
2W
2
WABCδWABC = −iχ
EE˙GEE˙W
2W
2
+
1
2
(
∇EE˙χ
EE˙
)
W 2W
2
−
i
2
[(
∇A˙∇A −∇A∇
A˙
)
χBD˙
] (
∇D˙GCA˙
)
WABCW
2
−
1
8
∇ A˙A
(
R∇BχCA˙
)
WABCW
2
+
1
4
[
∇ A˙A ∇A˙
(
∇B∇
E˙ −∇E˙∇B
)
χCE˙
]
WABCW
2
+
i
2
[
∇ A˙A ∇
E˙
B ∇A˙χC E˙
]
WABCW
2
−
1
12
[
∇ A˙A
(
χBA˙∇CR
)]
WABCW
2
+
3
8
[
∇ A˙A
(
G E˙B ∇E˙χCA˙
)]
WABCW
2
+
1
8
∇ A˙A
(
GBA˙∇E˙χ
E˙
C
)
WABCW
2
−
5
8
∇ A˙A
(
G E˙B ∇A˙χC E˙
)
WABCW
2
+
i
12
(
∇AG
D˙
B
)
RχCD˙W
ABCW
2
−
3
32
iR
(
∇Aχ
A˙
B
)
GCA˙W
ABCW
2
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−
3
8
i
(
∇A˙
(
∇E˙∇A −∇A∇
E˙
)
χBE˙
)
GCA˙W
ABCW
2
−
3
4
(
∇ E˙A ∇
A˙χBE˙
)
GCA˙W
ABCW
2
−
i
8
χ A˙B
(
∇AR
)
GCA˙W
ABCW
2
+
3
8
iGAE˙GCA˙∇
E˙χ A˙B W
ABCW
2
−
[(
∇
2
+
1
3
R
)
U
]
W 2W
2
(B.9)
C Exact computations for the simplification of GAA˙
Here we present the exact expansion of all the terms of (4.23).
(
∇A˙∇
B −∇B∇A˙
)
∇D˙
(
GC
D˙
WABCW
2
)
= −
i
6
W
2
(
∇BWABC
)
∇C
A˙
R +
i
12
W
2
∇BWABC∇
B∇C
A˙
R
−
5
24
W
2
WABCG
C
A˙
∇BR +
1
24
(
∇A˙W
2
) (
∇BWABC
)
∇CR
−
i
12
W
2
(
∇C
A˙
WABC
)
∇BR− 2i
(
∇D˙W
2
)
WABC
(
∇B
A˙
GC
D˙
)
− 2
(
∇D˙W
2
)
WABC
(
∇B∇A˙G
C
D˙
)
− 9GB
A˙
GC
D˙
(
∇D˙W
2
)
WABC
+ 4i
(
∇BD˙W
2
)
WABC∇A˙G
C
D˙
+ 2
(
∇D˙W
2
) (
∇BWABC
)
∇A˙G
C
D˙
−
(
∇
2
W
2
)
WABC∇
BGC
A˙
+
(
∇
2
W
2
) (
∇BWABC
)
GC
A˙
+ 3iGC
A˙
(
∇D˙∇C
D˙
W
2
)
WABC + 2iG
CD˙
(
∇D˙W
2
)
∇C
A˙
WABC
+ 2iGCD˙
(
∇D˙∇
C
A˙
W
2
)
WABC +
1
2
(
∇A˙W
2
)
W BCA ∇
DWDBC
− iGC
A˙
(
∇D˙W
2
)
∇C
D˙
WABC (C.1)
(
∇D˙∇
B −∇B∇D˙
) ((
∇A˙G
CD˙
)
WABCW
2
)
= −
i
6
W
2
(
∇B∇C
A˙
R
)
WABC −
i
6
W
2
(
∇C
A˙
R
)
∇BWABC
−
15
16
W
2
(
∇BR
)
GC
A˙
WABC +
1
4
(
∇A˙W
2
) (
∇BWABC
)
∇CR
−
i
24
W
2
(
∇BR
)
∇C
A˙
WABC +
i
24
(
∇BR
) (
∇C
A˙
W
2
)
WABC
− RW
2
GC
A˙
∇BWABC −
5
6
RW
2
(
∇BGC
A˙
)
WABC −
1
2
W 2W
2
GAA˙
− 3GBD˙
(
∇A˙G
C
D˙
)
WABCW
2
+ 2iW
2
(
∇A˙G
C
D˙
)
∇BD˙WABC
− 2i
(
∇A˙G
C
D˙
) (
∇BD˙W
2
)
WABC − 2
(
∇A˙G
C
D˙
) (
∇D˙W
2
)
∇BWABC
23
− 2
(
∇B∇A˙G
C
D˙
) (
∇D˙W
2
)
WABC + 2iW
2
WBCD∇DA˙WABC (C.2)
∇D˙
(
GB
A˙
GC
D˙
WABCW
2
)
= −
1
16
W
2
(
∇BR
)
GC
A˙
WABC −G
BD˙
(
∇A˙G
C
D˙
)
WABCW
2
+ GB
A˙
GC
D˙
(
∇D˙W
2
)
WABC (C.3)
∇D˙∇B
A˙
(
GC
D˙
WABCW
2
)
= −
1
24
W
2
(
∇B∇C
A˙
R
)
WABC +
11
96
iW
2
(
∇BR
)
GC
A˙
WABC
−
1
24
W
2
(
∇BR
)
∇C
A˙
WABC −
1
24
(
∇BR
) (
∇C
A˙
W
2
)
WABC
−
i
12
R
(
∇BGC
A˙
)
W
2
WABC −
i
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RGC
A˙
W
2
∇BWABC
+
3
2
iGBD˙
(
∇A˙G
C
D˙
)
WABCW
2
−GBD˙
(
∇A˙∇
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D˙
W
2
)
WABC
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(
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)
∇C
D˙
WABC +
1
2
GB
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(
∇D˙W
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)
∇C
D˙
WABC
+
1
2
GB
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(
∇D˙∇C
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2
)
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GC
D˙
) (
∇D˙W
2
)
WABC +
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(
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2
)
W BCA ∇
DWDBC (C.4)
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WABCW
2
))
= W
2
(
∇BR
)
∇C
A˙
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) (
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W
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∇B∇C
A˙
WABC +R
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∇BWABC (C.5)
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WABCW
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2
) (
∇CR
)
∇BWABC
+
1
2
R
(
∇C
A˙
W
2
)
∇BWABC −
5
6
iRW
2
(
∇BGC
A˙
)
WABC
−
5
6
iRW
2
GC
A˙
∇BWABC +
1
3
RW
2
∇B∇C
A˙
WABC
− 2i
(
∇B∇A˙G
C
D˙
) (
∇D˙W
2
)
WABC − 6
(
∇B
A˙
GC
D˙
) (
∇D˙W
2
)
WABC
+ 8
(
∇BD˙W
2
) (
∇A˙G
C
D˙
)
WABC −
3
2
i
(
∇
2
W
2
) (
∇BGC
A˙
)
WABC
+ 5i
(
∇D˙W
2
) (
∇A˙G
C
D˙
)
∇BWABC + 6G
BD˙
(
∇A˙W
2
)
∇C
D˙
WABC
− 6GB
A˙
(
∇D˙W
2
)
∇C
D˙
WABC + 10G
BD˙
(
∇A˙∇
C
D˙
W
2
)
WABC
− 4GB
A˙
(
∇D˙∇C
D˙
W
2
)
WABC +
(
∇
2
∇B
A˙
W
2
)
∇CWABC
+ i
(
∇D˙∇C
D˙
W
2
)
∇B
A˙
WABC −
5
4
i
(
∇A˙W
2
)
W BCA ∇
DWDBC
+ 2i
(
∇A˙∇
C
D˙
W
2
)
∇BD˙WABC +
(
∇
2
W
2
)
∇B∇C
A˙
WABC − 2W
2∇AA˙W
2
− 2i
(
∇D˙W
2
)
∇B
A˙
∇C
D˙
WABC + 2i
(
∇D˙∇B
A˙
∇C
D˙
W
2
)
WABC (C.10)
D Exact computations to first order in α
Here we present the expansion, to first order in α, of all the terms of (4.33):
∇C
A˙
R = 6α
(
∇C
A˙
W 2
)
∇
2
W
2
+ 6αW 2∇
2
∇C
A˙
W
2
+O
(
α2
)
(D.1)
∇B∇C
A˙
R = 6α
(
∇B∇C
A˙
W 2
)
∇
2
W
2
+ 24iα
(
∇C
A˙
W 2
)
∇C˙∇B
C˙
W
2
+ 6α
(
∇BW 2
)
∇
2
∇C
A˙
W
2
+ 24iαW 2∇C˙∇B
C˙
∇C
A˙
W
2
− 48αW 2WBCD∇DA˙W
2
+O
(
α2
)
(D.2)
∇BGC
A˙
= iαW
2
∇B∇C
A˙
W 2 + iα
(
∇BW
2
)
∇C
A˙
W 2
+
3
2
iα
(
∇EE˙∇EE˙∇DA˙W
2
)
WBCD
+ 3iαW FDE
(
∇FA˙W
2
)
∇BWCDE
+ 3iαW E˙F˙
A˙
(
∇E˙∇DF˙W
2
)
WBCD +
3
4
αWA˙B˙C˙∇
2∇BB˙∇CC˙W 2
+
3
2
α
(
∇C˙∇DC˙∇EA˙W
2
)
∇BWCDE +O
(
α2
)
(D.3)
∇B∇A˙G
C
B˙
= −iα
(
∇BW 2
)
∇A˙∇
C
B˙
W
2
− 2αW 2∇B
A˙
∇C
B˙
W
2
26
− 2α
(
∇B
A˙
W 2
)
∇C
B˙
W
2
+ iα
(
∇A˙W
2
)
∇B∇C
B˙
W 2
+
3
2
iαWA˙B˙C˙∇
B∇EE˙∇EE˙∇
CC˙W 2
−
3
4
α
(
∇2∇BD˙∇CC˙W 2
)
∇A˙WB˙C˙D˙
+ 3iα
(
∇D∇ D˙D ∇
CC˙W 2
)
∇B
A˙
WB˙C˙D˙
+
3
4
α
(
∇
2
∇DB˙∇EA˙W
2
)
∇BWCDE
− 3iαWCDE∇C˙∇B
C˙
∇DB˙∇EA˙W
2
−
3
2
αWBCDW D˙
A˙B˙
∇
2
∇DD˙W
2
− 12αWBDEW
C
EF∇DA˙∇
F
B˙
W
2
+ 3iαWBCD
(
∇C˙∇ D˙D W
2
)
∇A˙WB˙C˙D˙
− 3iαWA˙B˙C˙
(
∇D∇
C˙
E W
2
)
∇BWCDE
+
3
2
iαWA˙B˙C˙W
BCD∇2∇ C˙D W
2
− 6α
(
∇B
A˙
WB˙C˙D˙
)
W C˙D˙E˙∇C
E˙
W 2
+ 3iα
(
∇A˙WB˙C˙D˙
)
W C˙D˙E˙∇B∇C
E˙
W 2 +O
(
α2
)
(D.4)
∇B
A˙
G
C
B˙
= −α
(
∇A˙W
2
)
∇B∇C
B˙
W 2 − iαW 2∇B
A˙
∇C
B˙
W
2
−
3
2
α
(
∇C˙∇DC˙∇EB˙W
2
)
∇B
A˙
WCDE
+
3
2
αWCEF∇C˙∇B
C˙
∇EA˙∇FB˙W
2
+
3
4
αWBCD∇A˙∇
EE˙∇EE˙∇DB˙W
2
+
3
2
α
(
∇A˙∇
F
B˙
W
2
)
WDEF∇
BWCDE
+ 3iα
(
∇F
B˙
W
2
)
WDEF∇
B
A˙
WCDE
− 6iαWBDEW
C
EF∇DA˙∇
F
B˙
W
2
+ h.c. +O
(
α2
)
(D.5)
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